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Abstract
This paper deals with modeling the e↵ect of low-velocity impact damage upon the vibration response of CFRP laminates through a
micro-mechanical description of the induced internal damage. The serial-parallel (SP) continuum approach is used to estimate the
map of induced internal damage by considering the micro-structural interaction between the composite constituents and modifying
their constitutive performance through a continuum damage formulation. An eigenvalue analysis is then done to determine the
modal response of impacted laminates. The validity of the modeling approach to successfully reproduce the vibration response
of impacted coupons is assessed through a comparison with an experimental test series conducted on a set of 48 CFRP lami-
nated coupons. The results confirm the ability of the described approach in comparison to competing ones used to reproduce the
experimentally observed behaviour.
Keywords: B. Impact behaviour, B. Vibration, C. Micro-mechanics, C. Finite element analysis (FEA)
1. Introduction
Composite laminates are being extensively used in advanced
structural applications because of their appealing advantages
when being compared to traditional structural materials. Nev-
ertheless, these materials have also shown a susceptibility to
impact damage due to lack of plastic deformation, low inter-
laminar strength and the laminated construction to reduce the
anisotropic nature of the plies [1]. Experimental studies con-
sistently indicate that impact-induced damage combines three
main failure modes: matrix cracking, delamination and fibre
breakage, among which delamination is the most severe be-
cause it may severely degrade the sti↵ness and strength of the
composite laminate, thus compromising the residual bearing
capacity of the structural component and causing a collapse un-
der unacceptable compressive load levels [2]. For these reasons,
over the years, a massive amount of research activity has been
devoted to developing non-destructive evaluation techniques to
identify this type of damage at an early stage, as well as nu-
merical methodologies that can quantitatively predict the per-
formance and durability of composite structures under impact
events.
Among di↵erent non-destructive experimental approaches,
the so-called vibration-based Non-Destructive Testing (NDT)
methods have been shown to be useful tools for damage iden-
tification in laminated composites, since, in contrast to other
assessment methods, these techniques provide global informa-
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tion, does not necessarily require that the vicinity of the dam-
age site to be known in advance and can be employed under
in-service conditions. The overall principle underlying these
methods is that vibration response depends on the physical
properties of the structure (mass, damping and sti↵ness); there-
fore, changes that occur in physical properties due to dam-
age can result in detectable variations in the response, which
can serve as an indicator of structural integrity [3]. Based on
this phenomenon, a considerable number of contributions in
the field have appeared, e.g. [4–14]. These methods can be
broadly classified into two approaches: response-based meth-
ods that use only experimental data to identify damage, and
model-based methods that require numerical models. The ex-
perimental approaches have mostly focused on measuring the
vibration response before and after damaging the composite,
analysing the data in both the frequency and modal domains.
On the other hand, the e↵ectiveness of the model-based meth-
ods is highly dependent on the accuracy of the numerical model
used. This fact is of utmost importance when applied to impact
identification in composite laminates because, as stated before,
induced damage is a complex mixture of multiple failure modes
interacting with each other [15].
The complexity of the failure modeling in composite struc-
tures arises from the heterogeneous microstructure of compos-
ite materials. This fact represents a departure from the way that
conventional materials are modeled and consequently requires
unconventional approaches to dealing with them. The di↵erent
entities involved, i.e. component materials, ply and laminate,
span a spectra of length scales that clearly dictates the analy-
sis approach. Over the years, due to the increased computing
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capabilities, research e↵orts have shifted from the macroscale
towards the microscale.
Earlier attempts made to numerically analyse the vibration
behaviour of damaged laminates focused exclusively on de-
lamination failure. In these approaches the delaminated lam-
inate was based on the well-known Crack Opening Displace-
ment (COD) [16, 17], divided into sublaminates and continu-
ity conditions were imposed at the delamination region. Each
of these sublaminates was analysed using the equivalent single
layer theories [18]. Other reported investigations were based on
the layerwise theory, wherein the delamination is modeled as
an embedded layer or by introducing discontinuity functions in
the in-plane and through-the-thickness displacement fields [5].
These studies have mainly established a basic understanding of
the influence of delamination failure mode on the vibration re-
sponse.
More recent publications address the issue within the frame-
work of the mesoscale, wherein a lamina is considered as a ho-
mogeneous, although anisotropic, material and damage is in-
corporated through the application of Continuum Damage Me-
chanics (CDM) at the ply level. CDM approaches are based on
material degradation models that allow simulating the material
behaviour after the onset of damage [19–21]. Using appropri-
ates failure criteria in combination with interface elements to
account for interply decohesion, these approaches have proved
successful for predicting di↵erent damage mechanisms such as
matrix cracking, delamination and fibre breakage [22, 23]. Vi-
bration analysis can be performed from predicted degraded ply
behaviour by considering the influence of each damage mode
on the ply compliance through scalar damage factors, hence re-
ducing dominant sti↵ness and stress components, as reported in
[10]. It should be pointed out that the main limitation of these
approaches for predicting the impact-induced damage lies in the
computational cost, since numerical models explicitly include
each individual ply as well as the interfaces between them.
Current developments are focused primarily on the mi-
croscale. These have proven to be suitable to accurately predict
the composite mechanical performance [24–30]. This is due to
the fact that failure processes of composite structures are gov-
erned by micro-structural phenomena since the failure mecha-
nisms of composites are caused by the micro-structural com-
plex interaction between its constituents. Obviously, this low-
scale level approach does not resolve the issue of the compu-
tational cost, but presents several significant advantages when
compared to the previous methods. For instance, complex be-
haviour when one of the constituents gets into the non-linear
range can be accounted for.
Bearing this in mind, this paper addresses the modeling of
the e↵ect upon the vibration response of low-velocity impact-
induced damage on CFRP laminated plates, by means of a
micro-mechanical approach based on the serial/parallel mixing
theory. This paper fits within the work conducted by the au-
thors [6, 15, 31–33]. The bottom-up implementation is aimed
to determine the macroscopic behaviour of the damaged het-
erogeneous material by understanding the micro-structural in-
teraction between the composite constituents and modifying
their constitutive performance. Damage is included within the
framework through the application of CDM at the constituents’
materials level. Interply and fibre damage are captured within
the same framework, hence does not require use of interface el-
ements to account for interply decohesion, nor explicitly mod-
eling each individual ply, hence resulting in a computationally
less demanding simulation. The validity of the approach to
successfully predict the vibration response of impacted lami-
nates is assessed by comparing the numerical results with those
obtained from an extensive experimental campaign that shows
good agreement.
The following section describes the micro-mechanical ap-
proach used to determine the map of internal induced damage as
well as the bottom-up scale modeling procedure to estimate the
vibration behaviour of impact damaged laminates. In section 3,
numerical procedures undertaken to simulate the low-velocity
impact event together with the modeling of the vibration re-
sponse from three di↵erent damage approaches are presented.
In section 4, the experimental methodology is described and de-
tails and requirements of the tests are given. Subsequently, nu-
merical and experimental results are presented, compared and
discussed in section 5. Finally, the conclusions of the work are
presented.
2. Micro-mechanical approach
Among the failure modes induced by a low-velocity impact,
delamination has been found to be the most pernicious one.
Experimental evidence has shown that the interply decohesion
is preceded by intraply cracks that propagate along the inter-
face of adjacent plies with di↵erent fibre orientation due to the
stress concentration induced by the elastic mismatch. Within
the framework of the micro-mechanical analysis, the matrix
degradation that takes place due to fracture process can be
addressed by using an isotropic continuum damage formula-
tion [34], which is based on the e↵ective stress concept intro-
duced by Kachanov in 1958 [35, 36]. The damage model as-
sumes a reduction of the e↵ective area of the material by the for-
mation of a homogeneous distribution of cracks. The constitu-
tive behaviour of the damaged material can be expressed math-
ematically as a function of one-parameter scalar md 2 [0, 1) as:
m  ⌘ (1   md) m 0 = (1   md) mC0 m" (1)
where the superscripts m indicate matrix. The scalar degrada-
tion parameter md stands for the areal density of microcracks
and is used to transform the real damaged stress tensor m 
into an e↵ective stress tensor m 0 corresponding to the ma-
trix undamaged configuration, being mC0 the constitutive ten-
sor of the undamaged material and m" the strain tensor. The
same approach can be followed to characterize fibre degrada-
tion through the scalar parameter f d 2 [0, 1) as discussed be-
low. The prediction of the internal damage parameters, as well
as md and f d, and the corresponding impact-damage induced
map, deserves further attention.
The fundamental problem in micro-mechanics of heteroge-
neous materials is estimation of the relation between the aver-
age strains in the spatially uniform component materials, i.e.
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f" and m", with the average or macroscopic strain. For that
purpose, this work makes use of the serial-parallel (SP) contin-
uum approach developed by Rastellini et al. [37] and Martinez
et al. [31], which makes the composite behaviour dependent on
both the constitutive laws of the component materials accord-
ing to their volumetric fraction and to their kinematics interac-
tion and morphological distribution inside the composite. The
model is essentially based on an appropriate management of
the constitutive laws of component phases within a continuum
framework by making use of suitable closure equations that
characterize the composite micro-mechanics kinematics. The
formulation used is thoroughly described in references [31, 38]
and will not be elaborated here except for key aspects that are
briefly described in the following.
The SP continuum approach was developed assuming that
the components of the composite behave as parallel in the fi-
bres alignment direction and as serial in the orthogonal direc-
tion. Consequently, it defines an iso-strain condition in the fibre
(parallel) direction and an iso-stress condition in the transver-
sal (serial) direction (see Fig. 1). The composite strain tensor
c" is then decomposed into its parallel (c"P) and serial (c"S )
components by using fourth-order projector tensors PP and PS ,
respectively, as follows:
c" = c"P +
c"S (2)
where
c"P = PP : c" and c"S = PS : c" (3)
in which PP = (e1 ⌦ e1)⌦ (e1 ⌦ e1), PS = (I   PP), e1 the vector
that defines the parallel behaviour (fibre direction), and I the
identity tensor.
The compatibility or closure equations that define the stress
equilibrium and establish the strain compatibility between the
composite constituent materials are:
Parallel behaviour:
( c"P = f"P =m"P
c P = f  f P +m m P
(4)
Serial behaviour:
( c"S = f  f"S +m m"S
c S = f S =m S
(5)
where superscripts c, f and m stands for composite, fibre and
matrix, respectively, and i  is the volume-fraction coe cient
of each composite constituent. As observed, f"P and m"P are
obtained straightforward from the composite strains. How-
ever, the compatibility equations are not easily fulfilled in the
transversal direction, for which it is necessary to make an initial
prediction on the fibre or matrix serial strain. Once the strains
tensors of both components are determined, their stress tensors
are calculated using a given constitutive law. It is possible to
simulate the composite constituents with a non-linear behaviour
law, such as damage or plasticity, as has been proved in previ-
ously works [31].
Each fibre is considered to be homogeneous, transversely
isotropic, with a linearly elastic behaviour. Fibre breakage is
assumed to be the only ultimate failure mode, whereas the ma-
trix is assumed to be homogeneous, isotropic and viscoplastic.
The onset of matrix damage (i.e. md > 0) can be predicted
by the norm of the principal stresses tensor (or other classical
scalar threshold stress function) as:
F(m 0) =
266664P3I=1hm IiP3
I=1|m I |
m c
m t
+
0BBBB@1   P3I=1hm IiP3
I=1|m I |
1CCCCA377775 km Ik (6)
where the first term is a weighting function that accounts for a
di↵erent degradation path for tensile and compressive stresses,
with m t and m c being the tensile and the compressive matrix
ultimate strengths, respectively. h i stands for the Macaulay
brackets defined as hxi = 12 (x + |x|).
The variation of the damage parameter md is obtained by us-
ing an exponential strain-softening law [34] expressed as:
md = 1  
m max
F(m 0)
e
A
0BBBBBBB@1 F(
m 0)
m max
1CCCCCCCA
(7)
where m max denotes the damage threshold defined as a mate-
rial property, F(m 0) is the yield function and the parameter A
depends upon the material fracture energy as follows:
A =
1
mgmE
l f m 2max
  1
2
(8)
in which mE is the matrix elastic sti↵ness, mg the fracture en-
ergy and l f the fracture length, which corresponds to the small-
est value in which the coupon is discretized, i.e. the length
represented by an integration point.
When impact damage occurs, the weakening of the matrix
due to excessive shear stresses result in the inability to develop
either longitudinal, transverse or shear stresses. According to
the above compatibility equations, when the matrix reaches a
critical stress state its strength and sti↵ness is reduced, and ac-
cordingly the whole composite performance is also reduced in
the transversal direction. Given that shear stresses are defined
through the serial condition, the composite shear strength and
sti↵ness are reduced as happens in a delaminated composite.
One significant advantage is that intraply and interply damages
are captured within the same framework.
This approach can be roughly interpreted as a phenomeno-
logical homogenisation. It has proven to be capable of suc-
cessfully simulate the composite structural performance when
applied to a low-velocity impact problem, especially to predict
the phenomenon of initiation and propagation of interlaminar
damage [15]. This allows the estimation of the impact-damage
induced map and thus the corresponding internal damage pa-
rameters f d and md required to subsequently investigate the ef-
fect of impact-induced damage on the vibration response.
Assuming the lamina to be macroscopically homogeneous by
focusing on the average response, the e↵ective engineering con-
stants of the lamina reinforced with continuous unidirectional
fibres aligned in the 1 direction, are calculated in terms of the
elastic properties of the constituent materials and their concen-
trations through the following approximate expressions devel-
oped through a simplified strength of materials approach [39]:
cEd1 =
f 
⇣
1   fd⌘ fE1 + ⇣1   f ⌘ ⇣1   md⌘mE (9)
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cEd2 =
1p
f p
f 
 
1   fd  fE2 + ⇣1   p f ⌘ (1   md) mE + 1  
p
f 
(1   md) mE
(10)
cGd12 =
1p
f p
f 
 
1   fd  fG12 + ⇣1   p f ⌘ (1   md) mG + 1  
p
f 
(1   md) mG
(11)
cGd23 =
1p
f p
f 
 
1   fd  fG23 + ⇣1   p f ⌘ (1   md) mG + 1  
p
f 
(1   md) mG
(12)
c⌫12 =
f  f⌫12 +
⇣
1   f ⌘m⌫ (13)
where the superscripts c, f and m stands for composite, fibre
and matrix, respectively, Ei are the elastic moduli in the i th di-
rection, ⌫i j the Poisson’s ratios, Gi j the shear moduli and f  is
the fibre volume-fraction coe cient. The superscripts d indi-
cate the e↵ective ply degraded modulus a↵ected by the scalar
degradation parameters.
For a lamina that behaves as a linear orthotropic solid, the
strains and stresses relationship is given by the e↵ective com-
pliance matrix S( f d,md) expressed by
8>>>>>>>>>>><>>>>>>>>>>>:
c"1
c"2
c"3
c 13
c 23
c 12
9>>>>>>>>>>>=>>>>>>>>>>>;
=
266666666666666666666666666666666666666664
1
cEd1
 c⌫12
cEd1
 c⌫12
cEd1
0 0 0
 c⌫12
cEd1
1
cEd2
 c⌫23
cEd2
0 0 0
 c⌫12
cEd1
 c⌫23
cEd2
1
cEd2
0 0 0
0 0 0 1cGd12
0 0
0 0 0 0 1cGd23
0
0 0 0 0 0 1cGd12
377777777777777777777777777777777777777775
8>>>>>>>>>>><>>>>>>>>>>>:
c 1
c 2
c 3
c⌧13
c⌧23
c⌧12
9>>>>>>>>>>>=>>>>>>>>>>>;
(14)
where the ply is considered to be transversely isotropic, corre-
spondingly: cE3 = cE2, cG13 = cG12, c⌫13 = c⌫12 and
c⌫23 =
cEd2
2 cGd23
  1 (15)
It should be noticed that the scalar damage model used
does not account for directionality of damage. Nonetheless
anisotropic damage e↵ects on the macroscale are taken into ac-
count by means of the stacking sequence of the laminate, i.e.
damage formulation is applied to each layer of the composite
and, afterwards, the composite behaviour is computed by com-
bining the performance of each constituent layer.
For the computation of the damage map prediction in the
laminated structure, the general dynamic di↵erential equation
was solved by an explicit time integration scheme implemented
in the explicit FE code ComPack (see Appendix), wherein the
sti↵ness matrix is not assembled [40]. Only the mass, the
nodal displacements, velocities and accelerations vectors are in-
volved. However, to determine the eigenfrequencies and eigen-
vectors of the system, the mass M and sti↵ness K assembled
matrices are necessary to solve the eigenvalue equation, ex-
pressed as:
⌦M  = K  (16)
where⌦ = diag
h
!21 · · · !2n
i
is the diagonal matrix of eigenfre-
quencies and   =
⇥
 1 · · ·  n⇤ are the corresponding eigenvec-
tors. Therefore, a specifically devised FEMatlab code was used
to solve the eigenvalue (modal) analysis problem, in which the
predicted map of damage in terms of internal variables f d and
md was introduced on Gauss points of each finite element. The
mass and sti↵ness element matrices are given by:
Me =
Z
Ve
⇢ NTN dV (17)
Ke =
Z
Ve
BTC( f d, m d) B dV (18)
being and N and B are respectively the shape functions and
strain matrices for the element. Details of the formulation may
be found in [41].
3. Numerical analysis
The numerical study conducted to analyse the vibration re-
sponse of impact damaged laminates was undertaken in two
stages. In the first stage, a prediction map of the impact-induced
damage was obtained over a range of incident energies using
the explicit FE code ComPack (see Appendix). In the second
stage, the eigenvalues and eigenvectors are calculated using the
specifically devised FE Matlab code for three di↵erent damage
approaches on the di↵erent length scales.
3.1. Material
The monolithic quasi-isotropic composite specimen modeled
was composed of 40 unidirectional CFRP plies with a balanced
and symmetric stacking sequence [45 /0 /   45 /90 ]5S . The
laminated plate layup was defined such that the 0  fibre orien-
tation was aligned with the lengthwise dimension. The size of
the plate sample was 150⇥100⇥5.2 mm3. The component me-
chanical properties and calculated homogenised ply mechanical
properties are listed in Table 1. Transverse constituent proper-
ties given in [42] are used throughout this work to complete
data provided by manufacturers.
3.2. Drop-weight impact simulation
The geometrical model depicted in Fig. 1 was built to re-
produce the experimental setup described in the standard test
method ASTM D7136 [43]. The virtual coupon consists of a
75⇥50⇥5.2 mm3 rectangular parallelepiped which corresponds
to one quarter of the overall geometry of the laminate. This sim-
plification assumes a double symmetry in the internal damage
distribution to significantly reduce the computational cost. The
virtual coupon was simply supported on the base and was fixed
preventing the movement in the out-of-plane direction during
the impact of a hemispherical projectile. The impactor diam-
eter was 16 mm, according to the standard test method. The
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Fixture base
Size: 175!125 mm2
Cut-out: 125!75 mm2
Solid rigid
50  mm
75 mm
5.2 mm
0o
Hexahedral 
element
Delamination
Matrix cracking
2 (serial)
1 c!1 = f!1 = m!1 c"2 = f"2 = m"2(parallel)
3 (serial)
c"3 = f"3 = m"3
!
Damage threshold
"
Prediction of the internal 
damage by ComPack
Rubber tip
Clamping force: 1800 N
Diameter: 10 mm
Concentrated mass: 0.025 kg
Composite virtual coupon
Stacking sequence: [45º/0º/-45º/90º]5S 
Boundary conditions: simply supported 
Boundary conditions: double symmetry
Mesh: 60!40!12 hexahedral elements - 32513 nodes
Impactor
Diameter: 16 mm
Concentrated mass: 0.562 kg
Prescribed velocity
Solid rigid
Damage
1
 0.889
 0.778
 0.667
 0.555
 0.444
 0.333
 0.222
 0.111
 0
Figure 1: Finite Element model built for the numerical simulation of drop-weight impact test and numerical prediction of the through-thickness distribution of
damage for a 50 J simulated impact on the composite virtual coupon (top). The variable plotted corresponds to the element average damage. Scheme of the
serial-parallel continuum mechanics approach (bottom).
fixture base and the impactor were modeled as solid rigid bod-
ies. Only the holder and the composite virtual coupon were
considered deformable parts.
The primary objective of this numerical simulation was to
determine the map of induced damage and in particular the de-
lamination failure. This is an inherently three-dimensional phe-
nomenon. Accordingly, hexahedral continuum solid elements
with eight nodes and full integration were used to model the
composite coupon since all components of the strain and stress
tensors are included in the formulation. As stated above, the use
of the SP continuum mechanics approach has the chief advan-
tage over competing approaches of not needing interface ele-
ments to capture the phenomenon of initiation and propagation
of interlaminar damage. Consequently, the through-thickness
discretization of the composite virtual coupon can be done by
collapsing several layers into a single element on the basis of
the mixing theory through the volumetric participation, leading
to a significantly decrease of the computational time required to
perform the simulation. A finite element mesh of 60 × 40 with
12 elements in the through-thickness direction was selected to
achieve an optimal performance, leading to a total of 32513
nodes. This procedure does not necessarily compromise the ac-
curacy of the results as it is shown in [15, 31].
Numerical simulations were carried out for each level of the
incident impact energy conducted on the experimental program
as described in the next section. The impactor was modeled by
defining the initial position of 1 mm onto the laminate and a
vertical prescribed velocity consistent with the incident impact
energy. Contacts were defined to set up the set of contact parts
pairs, in order to avoid interpenetration between parts. The nu-
merical results provided a map of induced damage in terms of
internal variables f d and md on each Gauss point of the finite
element, which was employed in the subsequent stage to char-
acterize the ply-group degraded behaviour.
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Table 1: Mechanical properties of the composite constituents and lamina.
Fibre properties
Type Grafil TR30S 3K
Density f ⇢ 1790 kg/m3
Longitudinal modulus f E1 235 GPa
Transverse modulus † f E2 15 GPa
In-plane shear modulus † f G12 15 GPa
Major Poisson’s ratio † f ⌫12 0.21
Transverse shear modulus † f G23 7 GPa
Tensile strength f t 4410 MPa
Elongation at failure EL 1.9 %
Matrix properties
Type HSC Epikote 4652 epoxy
Density m⇢ 1200 kg/m3
Modulus mE 4520 MPa
Poisson’s ratio m⌫ 0.358
Tensile strength m t 68 MPa
Fracture energy mg 780 J/m2
UD lamina properties
Fibre volume fraction f   0.552
Cured ply thickness h 0.130 mm
Weight w 200 g/m2
Longitudinal modulus ‡ cE1 131.66 GPa
Transverse modulus ‡ cE2 8.53 GPa
In-plane shear modulus ‡ cG12 4.57 GPa
Transverse shear modulus ‡ cG23 3.26 GPa
Major Poisson’s ratio ‡ c⌫12 0.276
Through thickness Poisson’s ratio ‡ c⌫23 0.307
Nominal values provided by manufacturers, except those indicated by †
which were adopted from [42] and ‡ from model prediction [39].
Fig. 1 presents the results of the through-thickness distribu-
tion of damage for a 50 J simulated impact on the composite
virtual coupon. The depicted example corresponds to a quarter
section of the geometry during the loading step at the instant
when the impactor reaches the equilibrium at the point of max-
imum deflection. The damage variable plotted corresponds to
the homogenised laminar damage de on each Gauss point of the
finite element e, which is defined as [44]:
de =
1
Ve
nX
i=1
Li e
Lide
⇣
f d,m d
⌘
(19)
being Ve the volume of the element, n the number of lamina
collapsed in the element rounded up the nearest whole number,
Li e the volumetric participation of the ith-lamina and Lide the
damage of the ith-lamina, which is a function of the fibre f d and
matrix md damage parameters.
3.3. Vibration response modeling
To determine the natural frequencies and modal vectors of
the damaged laminated plate, the specifically devised FE simu-
lation code was used to solve the eigenvalue (modal) analysis.
A numerical modal analysis was performed under free bound-
ary conditions in order to avoid uncertainties when compared
with experimental tests. The properties of the composite virtual
coupon are the same as that for the previous numerical study ex-
cept for the geometric model, which corresponds to the whole
plate dimension. The mesh discretization was kept identical
with 12 elements in the through-thickness direction (see Fig. 1).
This was a requirement to merge the internal damage data set.
Three-dimensional multilayer hexahedral elements with eight
nodes and full integration were used, collapsing several layers
into a single element. The predicted map of induced damage in
terms of internal variables f d and md was subsequently inserted
in each homologous Gauss point, aiming to locally degrade the
element constitutive behaviour.
In addition to the micro-mechanical approach described
above, two additional modeling strategies were used to investi-
gate the e↵ect of impact damage upon the vibration response.
The second approach is based on a homogenised damage
model at the mesoscale level, which has been used by di↵er-
ent researchers to model the mechanical performance of com-
posite lamina taking into account the di↵erent failure mecha-
nisms [10, 22, 45]. Damage is characterised through the dam-
age array d = {di} for i = 1 . . . 6 where di 2 [0, 1), whose
components provide the influence of each damage mechanism
on the e↵ective compliance (see Eq. 20) coe cients as:
S di j =
1
(1   di)S i j for i = j (20)
The dominant damage mechanisms are found in the lami-
nate plane. When only delamination damage is taken into ac-
count, some authors suggest a simplified approach where only
the transverse shear moduli are a↵ected [14]. In that case, the
damage factors d4 and d5 are chosen to describe the degrada-
tion of the transverse shear moduliG13 andG23, respectively. In
the present work the lower and upper bounds of both mesoscale
damage parameters were set to 0.84 and 0.94, respectively, sim-
ilarly to previously reported works whose values were identi-
fied by fitting numerical and experimental results [10]. In order
to compare the suitability and accuracy of this mesoscale ap-
proach, the same predicted map of induced damage was used
to locally degrade the element constitutive behaviour, whereby
the damaged extension was equivalent in both cases.
The third approach consists in physically subdividing the
damaged virtual coupon by duplicating and detaching the nodes
at the interface of adjacent elements at the location of the pre-
dicted delaminations. This can be similarly addressed by in-
serting a slim virtually degraded layer element between the
upper and lower sublaminates within the delaminated regions.
This strategy has been widely used previously [10, 18, 46]. In
this work, slim interface solid elements were automatically cre-
ated over the entire mesh. Then, the pristine constitutive mod-
els corresponding to the locations along the laminate thickness
were assigned. Finally, at the location of predicted damaged
elements the constitutive model of the interface elements was
severely degraded (up to 1%) to account for the discontinuity
conditions. The influence of the interface element thickness
was investigated comparing results of 2.50% and 25.0% of the
nominal element thickness. As in the above cases, the damaged
extent was equivalent thus simplifying comparisons.
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4. Experimental procedure
To validate the numerical predictions, an extensive experi-
mental campaign was carried out to quantify the influence of
low-velocity impact damage on the vibration response of CFRP
laminated plates. The experimental programme involved two
stages: drop-weight impact testing and modal testing performed
before and after damaging the composite laminates. The exper-
imental programme was conducted for a total of 48 monolithic
composite plate specimens, whose properties are the same as
those listed in Table 1 for the numerical study. Laminate curing
was performed following a standard autoclave procedure. After
the curing process, pristine coupons were examined using non-
destructive ultrasonic inspection to assess the degree of com-
paction as well as detecting the presence of defects, porosities
or delaminations.
4.1. Drop-weight impact test
An ASTM D7136 standard test method [43] was followed
to determine the damage resistance of the laminated composite
specimens subjected to a drop-weight impact event. A detailed
description of the test conducted can be found in reference [15].
A total of 44 coupons were impacted with incident energy levels
ranging from 6.6 to 70 J, with a minimum of 2 and maximum of
4 specimens tested for each impact energy. The lower limit was
determined by the minimum height condition imposed by the
standard test method. The upper limit was defined by consider-
ing a hypothetical energy level below the penetration threshold.
The 4 remaining specimens were reserved to ensure the repeata-
bility of modal testing on pristine laminates. After the impact
event, the interlaminar damage onset was estimated and the ex-
tent of induced delaminations was measured by using ultrasonic
phased array testing equipment1.
4.2. Modal testing
In order to obtain the modal parameters (frequencies and
mode shapes) to examine the e↵ect of the induced damage
upon the vibration response, a modal testing of each pristine
and damaged laminate plate was performed. Tests were carried
out under free boundary conditions by suspending the coupons
vertically. The real-time sampled signals (excitation and re-
sponse) were measured and recorded in form of time series
and processed into inertance frequency response function (FRF)
data. Vibration measurements were performed using a single-
reference roving hammer test. A mono-axial accelerometer2
was attached to a single degree of freedom (DoF) reference
point on the top surface of the laminate, whereas the minia-
ture transducer hammer3 roved around, exciting the specimen
at 25 measuring DoFs, 5 evenly distributed in the direction of
the width and 5 evenly distributed in the direction of the length.
Because the delamination mode can introduce non-linearities
1OmniScan MX with standard phased array probe 5 MHz linear array 64
elements.
2Accelerometer Bruel & Kjaer 4518-003.
3Hammer Bruel & Kjaer 8204.
[47], an e↵ort was made to minimise them by using mini ham-
mer transducer to create a low-level input excitation. In addition
to the transverse modes of vibration, in-plane modes were also
estimated by exciting the specimen at 5 evenly distributed loca-
tions on each lateral side. Both the applied excitation and the
measured response4 were perpendicular to the coupon. Signals
were averaged 3 times for each measurement point and the test
frequency band was set to 20 kHz with a resolution of 3.125 Hz.
Modal parameters were extracted by a fully automatic routine
implemented in a Matlab code.
5. Results and discussion
The capability of the micro-mechanical numerical approach
to modeling the e↵ect of low-velocity impact-induced dam-
age on the vibration response of CFRP laminates was assessed
comparing the numerical results with the experimental ones ob-
tained in the test campaign.
Attention was first focused on the prediction of the extent
of damage in terms of projected delaminated area. Fig. 2
shows the comparison between the numerically predicted and
experimentally measured internal induced damage by means of
C-scan ultrasonic images, as a function of incident kinetic en-
ergy. Experimental data plotted represent the mean values with
standard deviation bars for each energy level. IDO indication
refers to the interlaminar damage onset. As reported in a previ-
ous work [15], the extent and distribution of damage are reason-
ably well predicted by the numerical model, although it clearly
underestimates damage extension. Di↵erences were attributed
to the fact that the matrix fracture energy parameter used may
not accurately corresponds with the parameter of the tested lam-
inates. The change in slope corresponds with the onset of fibre
breakage, as experimentally ascertained.
Figure 2: Ultrasonic testing results of the estimated area, length, width and
numerical prediction of the projected delaminated area as a function of incident
kinetic energy. IDO refers to the interlaminar damage onset.
A series of preliminary modal tests were performed for vali-
dation purposes. Table 2 collects the experimentally determined
4Data acquisition system Bruel & Kjaer 3050-B-6/0.
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Table 2: Experimental and numerical correlation between natural frequencies and eigenfrequencies of an aluminium and a CFRP laminate reference specimen.
Aluminium specimen CFRP pristine specimen
Mode Exp (Hz) H8 (Hz) Di↵ (%) Exp (Hz) H8 (Hz) Di↵ (%)
(1 1) 1259.9 1264.6 0.37 1250.4 1245.4  0.41
(2 0) 1400.9 1402.0 0.08 1404.2 1381.8  1.60
(2 1) 2888.2 2915.5 0.95 2804.1 2828.3 0.86
(0 2) 3222.0 3220.9  0.03 3001.5 2954.9  1.55
(3 0) 3704.8 3671.5  0.90 3568.1 3498.9  1.94
(1 2) 4284.8 4321.3 0.85 4131.6 4076.8  1.33
(3 1) 5401.7 5390.6  0.21 5170.8 5119.8  0.99
(2 2) 6137.2 6118.3  0.31 5806.6 5730.2  1.32
(4 0) 7753.5 7715.2  0.49 7297.6 7228.8  0.94
(0 3) 8536.9 8432.3  1.23 7711.1 7578.2  1.72
(3 2) 9093.8 9062.2  0.35 8339.0 8253.7  1.02
(4 1) 9232.4 9180.3  0.56 8530.5 8512.5  0.21
(1 3) 9424.9 9321.8  1.09 8444.9 8311.2  1.58
In-plane bending 12491.9 12536.3 0.36 13944.6 14314.7 2.65
In-plane shear 16132.4 16202.5 0.43 18123.0 18522.2 2.20
In-plane compression 16627.6 16528.1  0.60 18537.7 18965.6 2.31
natural frequencies and the estimated eigenfrequencies of an
aluminium reference specimen5 and a CFRP pristine laminate
specimen. The minimum number of modes estimated on each
test specimen limits the number of transverse modes analysed
to 13, whereas the test frequency band limits the number of in-
plane modes to 3 because these modes are in the range of 13-19
kHz. The labels (a b) identify each mode shape, in which a and
b indicate the number of nodal lines parallel to the crosswise
direction and lengthwise direction, respectively. Results corre-
spond to the same mesh for both coupons, with 12 brick (H8)
elements in the through-thickness direction. In general terms,
numerical results are in good agreement with experimental data,
with a slightly better correlation for the aluminium specimen.
The aluminium plate results suggest that the ideally supposed
free boundary conditions and the mesh discretization are suit-
able, thus validating the FE code and procedure. On the other
hand, the assumed mechanical properties of the constituent ma-
terials (Table 1) together with the expressions employed to cal-
culate the e↵ective engineering constants (Eq. 9-13), allowed
us to successfully estimate the eigenfrequencies of the pris-
tine laminate. Major di↵erences are observed on the in-plane
modes, which are independent of the through-thickness mesh
refinement. It is noteworthy that transverse modes estimation
shows mostly a softening behaviour in contrast to the in-plane
modes estimation that shows sti↵ening. These di↵erences arise
due to the inherent experimental error, the inaccuracies of the
elastic properties and the thickness non-uniformity (below 2%),
among others.
The capability of the three di↵erent scale-modeling strategies
used to investigate the e↵ect of impact damage upon the vibra-
tion response are compared to experimental results in Figs. 3
and 4. The experimental data plotted represent mean values
of the percentage frequency changes with standard deviation
bars for each impact energy level. The shaded area indicates
presence of fibre breakage. Numerical results correspond to the
predictions of the di↵erent modelling strategies such as the ad-
5Aluminium sample size: 150.15⇥100.95⇥5.99 mm3. Elastic properties:
E = 70 GPa, ⌫ = 0.33 and ⇢ = 2654.35 kg/m3.
dressed micro-mechanical approach by decoupling also the ef-
fect of fibre damage, the mesoscale approach based on a degra-
dation of the transverse shear moduliG13 andG23, as well as the
approach consisting in inserting a slim virtually degraded layer
elements between the upper and lower sublaminates within the
interface of the delaminated regions, as previously explained.
In general terms, numerical simulations reproduce a variation
of eigenfrequencies as impact energy increases. Nonetheless,
markedly di↵erent trends between experimental results and nu-
merical predictions are observed. While the micro-mechanical
approach yields a reasonably accurate estimation over all im-
pact energy ranges, mesoscale and interface approaches predic-
tions significantly depend on the damage or interface param-
eter settings, respectively. For instance, settings dependency
is highlighted in modes 6th, 8th, 9th, 10th or 11th, where fre-
quency shift predictions vary considerably for the set lower and
upper bounds.
It is worth noting that both the mesoscale and the interface
approaches are aimed to represent solely the e↵ect of interply
decohesion. Accordingly, a direct dependency exists with the
delaminated area. This relation can be observed in shift pre-
dictions (e.g. see mode 11th) showing a decreasing trend con-
sistent with the increasing amount of damaged area depicted
in Fig. 2. Regardless, other modes visibly distance themselves
from this dependence thus underlining the role of fibre break-
age. As a first approximation and in order to investigate the
significance of fibre damage on the vibration response, eigen-
frequencies shifts were calculated by cancelling the e↵ect of
damage on fibres, i.e. f d = 0. Those results correspond to the
represented undamaged fibres curves, showing noticeable dif-
ferences after the fibre damage onset. It should be noted that
this hypothetical condition corresponds to an unrealistic situa-
tion, since if fibres are not considered to degrade, other failure
mechanisms must dissipate the system energy during the im-
pact event, thus leading to an increase of the matrix damaged
area that it is not being considered here. Furthermore, as ob-
served in Fig. 4, fibre degradation has a significant e↵ect upon
the in-plane modes. Results reveal that the micro-mechanical
approach allowed us to reasonably reproduce this experimen-
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Figure 3: Experimental and numerical predictions of the percentage frequency changes for di↵erent modeling approaches as a function of incident kinetic energy of
the first 8 transverse modes (follow in Fig. 4). IDO refers to the interlaminar damage onset.
tally observed behaviour. 6. Conclusions
A FE modelling approach based on a micro-mechanical de-
scription of low-velocity impact-induced damage on CFRP9
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Figure 4: Experimental and numerical predictions of the percentage frequency changes for di↵erent modeling approaches as a function of incident kinetic energy of
the following 5 transverse modes (comes from Fig. 3) and first 3 in-plane modes. IDO refers to the interlaminar damage onset.
laminated plates was investigated to analyse its e↵ect upon
the vibration response. The map of internal induced damage
was firstly determined through the previously developed serial-
parallel (SP) continuum approach [37, 31], wherein two com-
patibility equations define the stress equilibrium and establish
the strain compatibility between the composite and the con-
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stituent materials. Subsequently, eigenvalue analysis was ad-
dressed to determine the modal response of impacted laminates.
The validity of the modeling approach to successfully repro-
duce the vibration response of impacted coupons was assessed
through a comparison with experimental measurements, show-
ing a good correlation over all impact energy range evaluated.
Among the findings drawn from this study, it is shown that
fibre breakage exerts a significant influence upon the in-plane
vibration modes. On the other hand, the micro-mechanical
approach overcomes several drawbacks of the other exam-
ined methods. Thus, for example, the abrupt and drastic
global reduction of dominant sti↵ness components by using
a homogenised scalar value on the mesoscale approach has
been shown to be physically unrealistic, since this assumption
is comparable to assuming an ideally brittle post-failure be-
haviour. Through the present micro-mechanical approach the
progressive degradation of the constituent materials can be ac-
counted for, thus providing a more realistic representation of
the internal damage. Furthermore, by means of the interface-
based approach, the insertion of slim virtually degraded layer
elements within the delaminated regions entails an increase in
the number of elements and, consequently, the computational
cost is increased. On the micro-mechanical approach, intraply
and interply damages are captured within the same framework
thus does not require the explicit inclusion of individual plies.
Hence, several layers can be collapsed into a single element,
which results in a computationally less demanding formulation.
In summary, the present micro-mechanical modeling ap-
proach is shown to be a promising numerical tool to be used
in model-based vibration methods for impact damage identifi-
cation routines. Studies to investigate the capability and suit-
ability for modelling higher impact regimes on large structures
will be the subject of future research.
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Appendix: The explicit solution of FE simulation
The general dynamic di↵erential equation that describes the
impact problem addressed may be written as:
M x¨ (t) + p
⇣
x (t) , x˙ (t)
⌘
= f
⇣
x (t)
⌘
(21)
being M the mass matrix of the system, x (t), x˙ (t) and x¨ (t) the
displacement, velocities and accelerations vectors, respectively,
p
 
x (t) , x˙ (t)
 
represents the internal forces and f
 
x (t)
 
the ex-
ternal ones.
The FE code ComPack uses an explicit time integration
scheme given its adequacy to the impact problem dealt. The
solution at the time tn+1 = tn +  tn+1 is explicitly determined
from the known configuration at the step n by using a finite
di↵erence-based time integration scheme, in which  t is the
time step employed and n the number of steps used in the inte-
gration procedure.
To ensure stability and accuracy of the solution, the size of
the time step is limited according to the CFL condition [40] by:
 t   tcr = 2
!max
(22)
where the  tcr indicates critical time and !max = 2⇡ fmax is the
maximum frequency of the discrete problem. The nodal transla-
tions are obtained sequentially integrating the three uncoupled
expressions:
x¨n =
1
M

f
⇣
x (t)
⌘
n
  p⇣x (t) , x˙ (t) ⌘
n
  ⇠n
 
(23)
x˙n+ 12 = x˙n  12 +
1
2
x¨n
⇣
 tn 1 +  tn
⌘
(24)
xn+1 = xn + x˙n+ 12 tn (25)
where x, x˙ and x¨ denote the nodal displacements, nodal veloci-
ties and nodal accelerations vectors, respectively, M represents
the local mass associated to each node and ⇠ denotes a nodal
damping component applied to accelerations.
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